STABILITY OF A CYLINDRICAL SHELL UNDER PROGRAMMED
VARIATION OF AN AXTAL COMPRESSIVE FORCE UNDER CREEP
CONDITIONS

L. M. Kurshin and V. T. Shcherbakov UDC 629.735.33.023,2

The stability of cylindrical shells with initial deflection is examined under
creep with a programmed load. Data are presented from an experimental study of
the stability of shells under creep which are compared to the results of a cal-
culation.

Most shells used in construction of aircraft operate under creep conditioms with vari-
able loads and heat temperatures. In this work the stability of a cylindrical shell with
initial deflections and variable axial load at constant temperature is calculated. The
simplest programs for varying compressive forces are treated (Fig. 1). Results are pre-
sented of an experimental study of the stability of cylindrical shells under creep with a
programmed load.

‘A derivation of the disturbed-motion equations for a shell under creep conditions
with initial deflection-was given in [1] for a constant intensity of ground-state stresses.
Linearized physical equations were used, and geometric nonlinearity was taken into account.
The flow equations for a shell will be written in this work in the same form as in [1],
but with a variable intensity of the ground-state stresses.

Suppose the creep equation has the form

b = g (pi, 0;) 0 (1)
where ﬁi and g, are the creep and stress flow rates, and let a flow-theory-type equation
Pij = () g(pi, 03) 5™, piy = &35 — (Y2 GY) 64 2)

hold between the components of the creep flow rate temsor ?ij and stress deviator cij**.

We assume that the stressed state of the shell comsists of a momentless ground and
some disturbed state

015 (8) = 035 + 8645 (), Pij (8) = Py + 8puj (2) (3)

Redistribution of stresses and displacements occurs during the creep process., We as—

sume that additions due to disturbances are small and that the linearized equations [2]
. g g o

8p; =5 'a_pi_ﬁp_i + 51"6—5: 85; + gbs;

3

. (4)
° 1 *% 3 P 4 a a
681]' — 37 652:; = Tgésij +TGU' (% 651 +‘a—};g"'6p1>

are valid for magnitudes characterizing the deviation from the stressed state.

Integrating Eq. (4) with respect to the variable oi and writing the strain of a
tapered shell related to the deviation from the ground state, the moments, and additional
forces in the middle surface, and carrying out the transformations as in [l], we obtain a
system of equations describing the behavior of shells under creep:
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AA®D 4 e (S (A A @) dx — BT (w, wo) — ¢ { T (w, wy) du]::O
0 0

x* w*

U (w, wy, @) + e { DAL (0 —wy)dn — &7 (oS (—-U(w, wp, ) — (5)
0 [}

— 2 DAA @—0)) — ™ Se"D (aa -2 AA,) (@ — wo) dx) dn =0
377N

The stress, deflection, and initial deflection functions are denoted in Egqs. (5) by
¢, w, and wg, while D denotes the cylindrical rigidity of the shell. The operators A, A,
Ay, U, and I have the form

2 92 ? 02 a?
A“—"a—wz"-l-—ay;, A=3113x—2+2“1zm+@223§,f
a2 1 & a2 1 o 02
AI:O’”( or 2 6x3>+a22 ( 2~ 2 6y2) — Stz dx 0y
1
U(w, Wy, (D) = — DAA (w—-ll)o)—ﬁ'l— (N110+(Dyy) _

- _}% (N%o + (Dxx) + (Dyywxx + (Dafxwuy - 2(nywxy - 2h‘5iAw +4q
1 9 02

2 i
T (w, o) = (—I—ZT TE T ET?F) (@ — o) + Wy — wey? — Wby + Wi Wy

Equations (5) coincide with equations from [1], though the dimensionless parameter
due to creep flow has the form

X

® = S(E/Gi)dpi

0

In the particular case when 04 = const, we have % = (Efoi)pi = E.

In the case of axial compression of a cylindrical shell 2h thick,

Oy = — 0, Opp =0ga =10, 6; =0, oy, = — 1, a5 =ty = 0
Ry = oo, Ry = R, Ny = — 20h, Nyy = Ny = 0 (6)

For the creep law of Eq. (1) with
g = Ag™! (N
the values of a, b, and S(¢) are given by
a=0,b=n—1,8(=m—-1g¢ (8)

Equations (5), as a result of Eqs. (6)-(8), take the form

AAD -7 Se” (n — 1) AADdw — B [I‘ (w, we) g™ Se’T (w, wy) dx~l =0
0 s - :
~ : )
U @, wy, ®) = ¢ \*D(84 — A8 —wo)dx — > pe Se""AA (W — we) dx
0 9 .

The elastic state of a shell with initial deflection w, is described by the nonlinear
equations

1 .
— DAA (w — w,) — " Dy + Dy + Oty — 20,0, =0
1 1
B AA‘(D = T(w — Wolay -+ Wiy — Waalyy — [Wiey® — W O0,0] (10)
B'=2Eh
An approximate solution of Eqs. (10) if the initial deflection is given in the form

Wy = f° sin—ELZi sin-'—n% + f? cos o (11

and if the solutions are found in the form
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w=f1sing£-sin—'%+fgcosax+f3

p) (12)

leads to the equations [3] for the deflection amplitudes Z; = f,/2h and Z; = f2/2h, which
are the initial conditions for solving the creep problem for shells with initial deflectiomns
£:% .°.
We find the solutiomns of Egs. (9) in the form
w—qal(x)flsm 5 SLn—+cp2(n)f2cosax+q>3(u)f3

O=",(%)C; cos oz + ¥, (%) Cy cos '—Rl » . (13)
+ ¥ (%) Cs sm———sm-—— + ¥, (%) C, sin 2 sin l;%— 7

Integrating with respect to the coordinates x and y in the sense of Bubnov—Galerkln,
we obtain a system of nonlinear integral equations related to the variable %,

6,0, + a9y + 03 =0, byp; + b9, + b3 =10 (14)

Solving the equations for the linear ;;arts of the deflections under creep ¢, and ¢,, we
obtain the system

_ ashs — agby . asbe — a1bg
P = aiby — aghy ’ 27 b — ashe

ay =G lgr — () p— (n/4) g5, + (1/0%) L]

a, = [(45,°Cy) / (%)) g,

ay = — 5,0 lgy — (47032 50 — (171 9%) gapi@elale + (/&)X
o X8 PG + (16M /9% 209,925, 5o — (hy / 4) gs@18yT e + (2ky /

10%a?) 12058, — (17 20)] g5 + (ks / 9?) gaguly — [(16ksm) /

/81 0] @uladss — (g0 / ) () A2 — 1] Jyg — (n ] 3) g, (13)

by = L lgs — (%) pl, by = (24,°L,85) / 02

by = — g1/ &+ (1740 ;" — (s, / (40%) + (8ngex

X Q293552 80) 0% — (%) g (J11 + 3ndyy) + (2k5 / 02 X

X (33 — 4nJs0) 918 — (Ka ! gs) -8s — (8nks / 810%A%) @, {354

g = (") vnM? 4+ 1/ (M), gy =02+ 1/0% gg=1/

A? — dnG°X, ga =1 +8/42 g5 = Jg3 — 4, gy = Ju1 —

—(M /%) Jay, g =(64/9) 0™ + 1/ (v*), gs =, go=1/

A1 (810 Ay = (1 4+ 0% /v Ay = (1 + 9v2) / (Jv?)

We introduce in the expressions for a; and bi the notation

3*

Ty = et S #H (%) d

HI_CP‘ZC‘Z— &% Hy = oL — §%

Hy = ¢85 — 5% Ha= 958 — §°F°

k =1, ka=mn, Kk, —1+(n—1)(u2/2—1)2/(u2+1)"‘
=mn+3)/4k=1+7n—1)O02/2—1)2/ (94 1)*

v=(aR)/(2m), n= (3/3} f*2, p = (3Ro) / (4ER)

We differentiate the system (14) with respect to p,

a da 2 F) 652 ab obs
s Q1 + aa; ¢+ aa; =0, (Pl i - 92+ 3;': (16)
We compile the determinant of the system,
M=a,/ G+ T)(by/ &+ Ty) —2(ay/ &+ T2l 919
Ty = — (17 209)geq, §; + (16 / P95, 5, X + 2/ 0,9 17)
X gsky — (8nk, /811)2?»22) Jse
Tz = — (1/ 7% g & + (3/4)"1672(1)12;1 + (16 /Uz)nq)ﬂzg‘z 8y — (ka1 4) gaJog + (ke / v?) g6

= (8/ Uz)"lgsqﬁz G2

848



%

p
B V4 A m ) ! x
A | Z h
b 11 Y
P) 1 EN ﬂ‘:ﬁ
! 04 Z
p 7
a8
. {4
X e X gz 04 66 a8
Fig. 1 Fig. 2
p
a6 ] 06+
ca
b
3 Y
b K,
a4 < 84 /,' 7
y/ / 1e
== 7
H
0z oz = F o
£ £
] a4 08 0 04 08
Fig. 3 Fig. 4

The critical time % is found either by setting M equal to zero or by imposing a minimum
condition on it.

A calculation was performed for a shell under creep using Eqs. (15) for two cases of
varying the axial compressive load. Figure 2 depicts the dependence of deflections under
creep calculated for initial deflection values of 7, = 3c,° = 0.2, and Lo = 3z,°% = 0.05.

In the three-dimensional coordinate system ¢;, x, P (Fig. 2) the curves abcd and abefg
correspond to antisymmetric deflections ¢, and abce and abchm, to symmetric deflections 9,
under creep, respectively, for the two values of the parameter %, characterizing the shell
delay time under constant load (%, = 0.4, v, = 0.8). The straight line ab corresponds to
an elastic load of a shell with compressive stresses p = 0.3, The curves bc, bef and be,
bch correspond to a growth in the antisymmetric ¢, and symmetric ¢. deflections for a con-
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stant compressive load p = 0.3 and the curves cd, fg, and ce, hm, to a growth in ¢, and @2
under instantaneous loading of a shell with compressive stresses until stability is lost.
The results of a calculation of the critical values of load p, for different values of the
parameter x, are depicted for program I (Fig. 1) in Fig. 3.

Calculations using Eqs. (15) and (17) were carried out on a computer for initial deflec~
tion values Lo = 0.2 and Zop = 0.05. Curve 2 corresponds to the case p; = 0.224 and curve
3, to the case p; = 0.3. The sdze of p; is due to the level of constant stresses at which
creep strain of shells accumulate (Fig. 1). The total critical strain values e are deter-
mined from the equation

g = Py + %Py

We may note in considering the results of the calculation of the critical strain of
shells under creep conditions, depicted in Fig. 3 by curves 2 and 3, that a distinct addi-
tional instantaneous loading is required in order for a shell to collapse as a function
of the magnitude of the preliminary creep strain. The magnitude of this loading is notice-
ably decreased only for significant accumulated creep strain. ’

We may also note that curve 2 (or 3) corresponding to critical parameters p and e for
the case of a program with loading (program I, Fig. 1) lies above curve 1, which corresponds
to the critical parameters under creep with constant compressive forces. Thus, the critical
strain is greater for a collapse with a loading (point a) than in a collapse under creep
conditions with constant load equal in magnitude to the critical compressive load which
shells collapsing under a load experience (point b).

Calculations of critical strains were also carried out for load programs of the type of
program 2 (Fig. 1). Results are given below of a calculation of the critical values yx, for
given compressive loads pz = 0.244 and ps = 0.375 and different fixed Mgy

¥ 0.20 0.30 0.37 0.40 0.60 0.70 0.75 0.78
%y 0-47 0.53 0.56 059 0.70 0.76 0.80 0.82

, It is of interest to compare the results of the current work with data from an experi-
mental study of shell stability under creep conditions with programmed load., The calculation
requires that we specify the values of the initial shell deflections. We used a technique
proposed in [3, 4] for this purpose.

A total of four shells machined from D16T material at T = 250°C (radius R = 88 mm, thick-
ness 2h = 0.5 mm, and length I = 425 mm) were tested under creep conditions with programmed
load. The time, load, and approach of the end faces of the shell were measured in the exper-
iment (to determine the axial creep strain)., A variation program for an axial load of type
I was realized.

After being heated to a given temperature the shell was loaded to a value p of 0.32 at
which it was held until a given magnitude of creep strain accumulated and was then rapidly
loaded with an axial force until it collapsed. The shell lost stability '"in crashes" with
the formation of bands of rhombic depressions along the periphery. The test results are de-
picted in Fig. 4 by points a, which represent the dependence of total critical strain € on
axial load p. Test data for the same shells under constant levels of compressive loads are
depicted in Fig. 4 by points b under creep conditions.

The initial deflections Zo = 0 and Zop = 0.68, which were selected from data of an
elastic experiment according to the technique described in [4], were introduced in calculat-
ing the critical strains. The critical time and total critical strain under creep for shells
that have undergone tests were determined using Eqs. (15) and (17). The results of the cal-
culations are depicted in Fig. 4 by curves 1 and 2. Curve 1 corresponds to critical strain
under creep conditions for a constant axial load and curve 2, to critical strains of shells
under creep that have lost stability with loading.

The good agreement between the calculated curves and experimental data allows us to
conclude that it is sufficient to have results from elastic tests in order to calculate the
stability of shells under creep conditions with an axial load varying according to some pro-
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gram. These data allow us to select the initial deflections that can then be introduced
into a calculation of the stability of a shell under creep with an axial load varying ac-
cording to a program.
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